Reservoir rocks are heterogeneous porous media saturated with multiphase fluids, in which strong wave dissipation and velocity dispersion are closely associated with fabric heterogeneities and patchy saturation at different scales. The irregular solid inclusions and fluid patches are ubiquitous in nature, whereas the impact of geometry on wave dissipation is still not well-understood. We have investigated the dependence of wave attenuation and velocity on patch geometry. The governing equations for wave propagation in a porous medium, containing fluid/solid heterogeneities of ellipsoidal triple-layer patches, are derived from the Lagrange equations on the basis of the potential and kinetic energies. Harmonic functions describe the wave-induced local fluid flow of an ellipsoidal patch. The effects of the aspect ratio on wave velocity are illustrated with numerical examples and comparisons with laboratory measurements. The results indicate that the P-wave velocity dispersion and attenuation depend on the aspect ratio of the ellipsoidal heterogeneities, especially in the intermediate frequency range. In the case of Fort Union sandstone, the P-wave velocity increases toward an upper bound as the aspect ratio decreases. The example of a North Sea sandstone clearly indicates that introducing ellipsoidal heterogeneities gives a better description of laboratory data than that based on spherical patches. The unexpected high-velocity values previously reported and ascribed to sample heterogeneities are explained by varying the aspect ratio of the inclusions (or patches).
INTRODUCTION
The seismic exploration method is a nondestructive technique to obtain information about the subsurface. Indeed, the P-wave velocity is an effective property of lithology and fluid content (Gregory, 1976) . Wave-induced local fluid flow (LFF) (mesoscopic loss) has been recognized as one of the main causes of wave dispersion and attenuation (Müller et al., 2008; Ba et al., 2011 Ba et al., , 2016 , which is greatly affected by solid-fluid heterogeneities, composed of different types of pore structures, mineral grains, cements, and immiscible fluid patches.
Rocks containing pores and cracks can be approximated with a double-porosity system. The double-porosity continuum model was first introduced by Barenblatt et al. (1960) to study fluid flow between pores and cracks. Aifantis (1977 Aifantis ( , 1979 Aifantis ( , 1980 , Wilson and Aifantis (1982) , and Khaled et al. (1984) developed a framework of multi-porous (or double-porosity) models based on the conservation equations of mass, momentum, and energy. A linear poroelastic constitutive model for dual-porosity media was proposed by Elsworth and Bai (1992) based on the equations of mass conservation. Wang (1995, 2000) derived the wave-propagation equations of a double-porosity medium with a host pore system and embedded fractures.
The effects of partial saturation on wave velocities have been widely studied (White, 1975; White et al., 1975; Odé, 1979a, 1979b; Dutta and Seriff, 1979; Knight and Nolen-Hoeksema, 1990; Mavko and Mukerji, 1998; Johnson, 2001; Müller and Gurevich, 2004; Pride et al., 2004; Müller et al., 2008; Ba et al., 2011; Sun et al., 2016; Sharma, 2017; Zheng et al., 2017) . Experimental observations were reported in the sonic and ultrasonic frequency bands (Wyllie et al., 1956 (Wyllie et al., , 1958 Gregory, 1976; Murphy, 1984; Bacri and Salin, 1986; Cadoret et al., 1995 Cadoret et al., , 1998 recently, fluid patch distributions were directly observed in partially saturated rocks using injection experiments and computer tomography (CT) imaging techniques (Lebedev et al., 2009; Lopes and Lebedev, 2012) . It is clear that wave velocity dispersion and attenuation are dependent on patch size and spatial distribution (Helle et al., 2003; Toms et al., 2006; Sun et al., 2015) . It has been concluded that the wave-induced LFF due to mesoscopic heterogeneities is the main mechanism responsible for energy dissipation in partially saturated rocks (Johnson, 2001; Müller and Gurevich, 2004; Berryman and Pride, 2005; Toms et al., 2006) . However, the mechanism by which arbitrary-shaped heterogeneities govern wave dispersion/attenuation still needs further investigations.
Several models were developed to analyze the effects of patchy saturation, theoretically or computationally, for a single-porosity medium saturated with a mixture of immiscible fluids (White, 1975; Odé, 1979a, 1979b; Johnson, 2001; Pride et al., 2004; Quintal et al., 2011; Ba et al., 2017 ) and a double-porosity media saturated with a single fluid (Berryman and Wang, 2000; Pride et al., 2004; Rubino and Holliger, 2012) . The effects of randomly distributed fluid patches were studied by Toms et al. (2007) . A triple-layer patchy (TLP) model has been proposed for a double-porosity media saturated with two immiscible fluids, which is shown in Figure 1b . Even though researchers have made many attempts to explain the observed velocity-saturation relationships, the formation and evolution of fluid patches in real rocks are still poorly understood. Recent experiments show that the characteristic patch size may depend on the saturation and injection rate Lopes et al., 2014) . A method has been proposed to model the distinct relationship between the patch size and injection rate (Liu et al., 2016) .
The main objective of this work is to derive an ellipsoidal TLP (ETLP) model to incorporate the geometric effects of ellipsoidal solid inclusions and fluid patches in wave propagation (Figure 1c ). This model is more general than those based on spherical patches, especially for deeply buried tight rocks containing flat pore spaces and penny-shaped cracks. The new model differs from the previous TLP model in three respects: (1) the solid and fluid inhomogeneities are analyzed in terms of concentric ellipsoids, which incorporate the effects of the aspect ratio (see Figure 2) , (2) the ellipsoidal patches are randomly distributed in space (isotropy), and (3) the size and aspect ratio of the ellipsoids are random. Here, the volume fraction of the inner fluid pocket is constant.
As shown in Figure 1c , the ellipsoids are randomly distributed in space. The aspect ratio can be larger or smaller than unity. Although the semiaxes are assumed to be aligned with the Cartesian coordi- nates, the random aspect ratio leads to ellipsoids with semimajors, randomly pointing along the horizontal and vertical directions.
DYNAMIC GOVERNING EQUATIONS OF THE ETLP MODEL
Fabric and fluid heterogeneities are taken into consideration simultaneously in the ETLP model that consists of ellipsoidal solid inclusions embedded in a homogeneous host porous medium. The matrix is partitioned into inclusions and host skeleton by the interface S solid (see Figure 2) . The heterogeneous skeleton has a doubleporosity structure; i.e., the ellipsoidal inclusions have porosity of ϕ in and the surrounding host region has porosity of ϕ host . The radii of the inclusions are much smaller than the wavelength but much larger than the pore size (at a mesoscopic scale). The interface between the inclusions and the host medium is open, and the fluids can flow through it. The host region is approximated by an equivalent concentric ellipsoidal shell. Similar to White's (1975) model for a periodic heterogeneity, a typical representative elementary volume (REV) is analyzed. An ellipsoidal solid heterogeneity is located at the center. The REV is saturated with two immiscible fluids that form an inner ellipsoidal core and an outer concentric ellipsoidal shell. It is assumed that the center of the fluid overlaps with that of the solid heterogeneity. The dynamic formulation developed for the REV is considered a representation of the macroscopic mean response. Based on such approximations, analytical solutions are obtained by deriving differential equations and measurable coefficients.
The double-porosity skeleton is saturated with two immiscible fluids separated by the interface S fluid . Therefore, the fabric structure and pore fluid patches are two independent heterogeneous systems and need to be treated separately. Consequently, the domain saturated with the inner fluid pocket may include the skeletons composed of the two porous components. On the other hand, the host fluid can also saturate the two porous components when the volume represented by S fluid is smaller than that of S solid .
The configurations of the fluid interface S fluid and solid interface S solid are as follows: (1) S fluid is located inside S solid and (2) S solid is located inside S fluid . Then, a new formulation is proposed to incorporate the fluid and solid heterogeneities simultaneously.
If the region saturated with one fluid covers two types of porous components, the effective porosity in such a region will be used for 
where G ¼ δv 
where HðδvÞ is the Heaviside function,
and δv ¼ v 1 − v s , with v 1 and v s being the volume fractions of the inner fluid pocket and solid inclusion, respectively. In the same way, the effective permeability can be determined by
The fluid pocket is assumed to have an ellipsoidal surface with the initial principal radii (a 0 ; b 0 ; c 0 ) (Figure 3 ). The instantaneous radii are (a; b; c) when the P-wave oscillation causes LFF. Using the ellipsoidal coordinates ðr; θ; ψÞ, the distance from the origin point to a point on the ellipsoidal surface is
where ψ ∈ ½0; 2π, θ ∈ ½0; π. In the case that the fluid pocket is exposed to anisotropic hydrostatic pressure, the pocket expands and shrinks, keeping its original shape. Then, we have a∕a
By considering wave-induced flow at the fluid surface, the fluid being depleted from the inner pocket to the outer shell is ϕ 1 ζ, and the opposite flow induces the variation −ϕ 2 ζ, where ζ is the variation of fluid content, which allows for fluid mass conservation in the system:
Here, a 10 ; b 10 ; c 10 are the initial principal radii of the inner fluid pocket and a 1 ; b 1 ; c 1 are the instantaneous radii of the inner fluid pocket when the P-wave oscillation causes LFF. We introduce the following notation: For a double-porosity dual-fluid system with ellipsoidal heterogeneities, the dynamic governing equations can be derived using the Euler-Lagrange equations including the dissipation functions
where
where U ðmÞ i
is the fluid displacement in the mth fluid region. Here, m ¼ 1 denotes the inner fluid pocket, m ¼ 2 is the surrounding shell, and u i is the mesoscopic volume average displacement of the solid skeleton. It is assumed that the concentric ellipsoidal fluid patches have random sizes (see Figure 1c ). The radii of the ith type of ellipsoidal patch size are (a i10 , b i10 , c i10 ), and the results are frequency dependent and depend on the patch size. This can be related to the unit cell defined by White (1975) , which is composed of a core and an outer shell. The patch size is physically determined by the gas pocket size and the saturation. In the ETLP model, the patch is ellipsoidal and triple layered. The last term in the kinetic energy is related to the LFF at the fluid interface (Appendix A), where
where r ba ¼ b 10 ∕a 10 and r ca ¼ c 10 ∕a 10 . Here, Y h l ðθ 0 ; ψ 0 Þ are Laplace's spherical harmonics of degree l and order h. The total number of the different principal radii is n.
The density coefficients are (Ba et al., 2011; Sun et al., 2016) 
Þρ s m is the density of the dry skeleton, ρ f m are the fluid densities of the mth fluid patch, and v 2 ¼ 1 − v 1 is the volume fraction of the surrounding shell of fluid patch.
The strain energy W is
where I 1 and I 2 are the first and second strain invariants of the solid phase, ξ m are the fluid dilatations of the fluid displacements U ðmÞ (m ¼ 1; 2), N is the effective shear modulus of the whole solid skeleton, and A; Q m ; R m (m ¼ 1; 2) are the stiffness coefficients.
The dissipation function D is
is the Biot's dissipation coefficients, κ m is the permeability of each component, and η m and v m are the viscosity and volume fraction of each phase, respectively. The notations κ 1 ¼ hκi in and κ 2 ¼ hκi host are introduced.
The last term in dissipation function is caused by LFF, where
The dynamic equations are
where ζ ¼ ∇ · Z is the increment of LFF caused by the pressure gradient between different fluid patches, Z is the LFF between the immiscible fluid patches, and e is the strain. The Biot dissipation coefficients can also be written as Using a harmonic-wave analysis, we substitute the solution e iðωt−kxÞ in the solid and fluid displacements of the wave equations, where ω and k are the angular frequency and wavenumber, respectively. Then, we have 
The coefficients a ij ; b ij and A; B; C; D are given in Appendix B. This equation in ðk∕ωÞ 2 has three roots, corresponding to the fast P-wave and two slow P-waves. The complex and phase P-wave velocities are, respectively, defined as v ¼ ω∕k and V P ¼ 1∕ðReð1∕vÞÞ. The Pwave dissipation factor is obtained as Q −1 ¼ ðImðv 2 ÞÞ∕ðReðv 2 ÞÞ.
NUMERICAL EXAMPLES
Effects of aspect ratio on velocity dispersion and attenuation in a tight sandstone
We first consider the effects of the aspect ratio of the ellipsoidal inhomogeneities in a Fort Union sandstone, which has an average grain size between 0.125 and 0.15 mm (Murphy, 1984) . Table 1 shows the rock and fluid properties.
Figures 4 and 5 show the acoustic phase velocity dispersion and attenuation in Fort Union sandstone as a function of water saturation at a frequency of 5Hz, 100 Hz, 5 kHz, and 1 MHz and a patch size a ¼ 1.2 mm (semi-major axis). The semi-minor axis radii are set as b ¼ a · r ba and c ¼ a · r ca (for simplicity, r ca ¼ 1). In natural rocks, the fluid patch shapes are not spheres (Tserkovnyak and Johnson, 2002) . The geometry depends on the experimental conditions, such as fluid injection rate, open/close boundaries, etc. Laboratory observations have confirmed that the P-wave velocity may be quite different even for the same saturation, which is caused by different fluid patch geometries induced by different injection rates (Lebedev et al., 2009; Liu et al., 2016) . As shown in Figures 4 and 5, the P-wave velocities at different frequencies depend on the aspect ratio of the inhomogeneities, which indicates that the fluid patch geometry must be considered to interpret velocity dispersion and attenuation phenomena.
As shown in Figure 4 , the velocity-saturation relationships are highly dependent on the aspect ratio at 100 Hz and 5 KHz (when the aspect ratio approaches one, the ETLP model reduces to the TLP model of Sun et al., 2016) . However, at 5 Hz, the velocity sharply increases at high water saturations (80% to almost 100%) when the aspect ratio decreases (Figure 4a ). For a water saturation less than 80%, the velocity is almost constant with varying aspect ratio. On the contrary, at 1 MHz, the velocity increases with decreasing aspect ratio at low water saturations (0%-60%) (Figure 4d ). Figure 5 shows that the P-wave attenuation is also sensitive to the aspect ratio. In general, the attenuation peak shifts to the low water saturations with decreasing aspect ratio. At 5 Hz in Figure 5a , the attenuation is significant in the water saturation range >60%, whereas at 100 Hz in Figure 5b , this occurs in the range >40%. It is also shown that at the same frequency, a lower attenuation peak can be observed with decreasing aspect ratio, and the attenuation is low at 1 MHz and aspect ratio 0.1 in Figure 5d . Table 1 . Rock and fluid properties for the Fort Union sandstone (Murphy, 1984) .
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The effects of ellipsoidal patches on the velocity-saturation relationship are investigated by comparison to laboratory data of a North Sea sandstone, with a porosity of 35% and a permeability of 8.7D, at several frequencies. The rock properties are given in Table 2 (Boruah and Chatterjee, 2010) .
The rock-skeleton bulk and shear moduli K b and N are obtained as K b ¼ðK s ð1−ϕÞÞ∕ð1þαϕÞ and N ¼ ðN s ð1−ϕÞÞ∕ð1þ1.5αϕÞ (Cadoret et al., 1998; Han et al., 2007) . The dry-rock velocities of the sandstone are fitted to determine the consolidation parameter α.
The North Sea sandstone is predominantly composed of quartz with clay coating the mineral grains (Avseth, 2000) . The quartz cementation is inhibited by the clay and organic matter coating the solid grains. The clay content in the pore system results in a great number of small contact cracks. The double-porosity structure consists of low-porosity clay and high-porosity sandstone. The solid particles are usually not very rounded or polished and larger interparticle pores exist.
When a traveling wave passes through a heterogeneous rock, a pore pressure gradient is generated due to the spatial variations of the pore shape/structure, pore stiffness, and fluid saturation. Fluid flow occurs across the interface between the patch and the host phase, which equilibrates pressure differences at a local scale and causes velocity dispersion and attenuation. The pressure equilibration of the pore fluid depends on LFF, which in turn depends on the patch size and diffusion length. For a low-frequency wave, the diffusion length can be much larger than the fluid patch size. Then, the pore fluid pressure equilibrates between the different phases in each wave circle, and the GassmannWood's model is a reliable approximation (Müller et al., 2010) . At the high-frequency limit, the unrelaxed local fluid pressure will strengthen the elastic stiffness of the porous matrix. Gassmann-Hill's model is used to calculate the upper limit of the frame velocity. The patch size can be characterized by the volume-surface area ratio (Tserkovnyak and Johnson, 2002) . For ellipsoidal heterogeneous inclusions, the volume-surface area ratio is a function of the three radii corresponding to the different semiaxes, which in turn depend on the aspect ratio. The range of fluid patch sizes can be determined from the average grain size and estimating the diffusion length . In this work, the aspect ratio of the ellipsoidal patch provides another degree of freedom to characterize the effect of the LFF.
We calculated the P-wave dispersion and attenuation on the basis of the patch geometry and inclusion volume fractions. The Biot-Gassmann-Wood (BGW) and Biot-Gassmann-Hill (BGH) limits are also given as a reference. The aspect ratio of the ellipsoidal heterogeneities is 1 ( Figure 6 ) and 0.001 (Figure 7) . It is shown that the aspect ratio affects the P-wave velocities. The predicted velocities at 500 kHz significantly increase when the aspect ratio decreases from 1 to 0.001, especially for water saturations in the range of 10%-90%. At a sonic frequency of 50 kHz, the velocities also increase with decreasing aspect ratio (the P-wave velocity at S w ¼ 80% increases approximately by 100 m∕s). At a seismic frequency of 50 Hz, the velocities at high water saturation (approximately 90%) decrease with the decreasing aspect ratio. Figure 6 shows the modeling results with spherical heterogeneities (aspect ratio equal to one; the ETLP model reduces to the TLP model of Sun et al., 2016) . The aspect ratio 0.001 can better describe the 500 kHz experimental data (see Figure 7 ). The TLP model with spherical inclusions cannot describe the strong stiffening effects at ultrasonic frequencies observed in the data of Batzle et al. (2006) . Furthermore, the Gassmann model is only effective at the low-frequency limit, i.e., when there are no pressure gradients in the pore fluid. It is not applicable at higher frequencies, in which the Biot and local fluid mechanisms should be considered. By modeling flat heterogeneities and double-porosity/dual-fluid characteristics, the ETLP provides a better fit of the experimental data than the BGH model. The unexpected high values of the ultrasonic velocities were previously ascribed to sample heterogeneity (Batzle et al., 2006) . There is an inflection point in the ultrasonic experimental data at water saturations of approximately 80%. The North Sea sandstone has high porosity (35%) and high permeability (8.7D). The sharp increase of velocity versus saturation in the saturation range >80% could be related to the different geometric features of the fluid patches between the low and high water saturations. In the ETLP modeling, a single set of parameters regarding the patch size and shape is used, which cannot fully describe the observed velocity at each saturation. However, it is able to explain the general trend and characteristics of the velocity-saturation relationship.
CONCLUSION
We propose an ETLP model to describe wave propagation in partially saturated double-porosity media. The model combines the macroscopic Biot flow and the mesoscopic LFF under the effects of ellipsoidal fluid and fabric heterogeneities. This model provides a physical approach to investigate the coupling effect between heterogeneity-geometry and wave dispersion/attenuation. The model incorporates the fluid distribution and rock structure heterogeneities from spherical to flat shapes, a wide distribution that commonly coexists in natural reservoir rocks. When the aspect ratio is one, the model reduces to the TLP model with spherical patches, which can then further be reduced to the classic Biot theory. For small aspect ratios, we can model the effects of cracks. An analysis of the effects of frequency and ellipsoidal aspect ratio based on numerical examples reveals that the aspect ratio is an essential parameter that controls the observed dispersion and attenuation. It is concluded that the agreement between the predicted velocity and experiment data is reasonably good because of the more flexible geometry of the present model, which can be applied to partially saturated fractured porous reservoirs and allows for a broader insight on the related wave phenomena because it considers inclusions of flat shapes. Because we have developed the model from first principles (Lagrange equations), we also have obtained the governing differential equations of wave propagation that can be used to compute synthetic seismograms.
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APPENDIX A KINETIC ENERGY OF LFF
The velocity field in the fluid pocket is obtained from
where p is the pressure. The density ρ f 1 is assumed constant. The pressure can be obtained in spherical coordinates as (Buivol, 2006) p ¼
where r 0 (r 0 < r 10 ) is the instantaneous distance from an arbitrary point on the ellipsoid fluid pocket surface to the origin point, r 10 is The unperturbed fluid element position is r 0 and the position coefficients r lh satisfy _ r lh ¼ −ð1∕ρ f 1 r 10 Þ∫ c lh ðtÞdt. In the case of irrotational vibrations, the displacement gradient is independent of θ 0 ; ψ 0 , and ∇ ¼ d∕dr 0 . At the surface of the fluid pocket, the radial displacement component is given by
where r 10 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi a Note that r 0 ¼ r 10 on the ellipsoidal surface and dS 0 ¼r 2 sin θ 0 dθ 0 dψ 0 . By considering the proportional deformation relationships 
where r ba ¼ b 10 ∕a 10 and r ca ¼ c 10 ∕a 10 . To approximately estimate E 1 , we consider a case in which r ba ¼ 1; i.e., the radii at the x-axis and y-axis are the same. Then, E 1 can be integrated as
In the case of a spherical pocket, i.e., a 10 ¼ b 10 ¼ c 10 , the eigenfunctions Y h l ðθ 0 ; ϕ 0 Þ are normalized to be orthonormal integrated over the surface of the unit sphere.
(A-10) 
where X ¼ r sin θ sin ψ, Y ¼ r sin θ cos ψ, Z ¼ r cos ψ, and dXdYdZ ¼ r 2 sin θdrdθdψ. 
By considering the proportional deformation relationship, we have E 2 ¼ 1∕3ð1 þ ðb 2 10 ∕a 2 10 Þ þ ðc 2 10 ∕a 2 10 ÞÞð1 − ða 10 ∕a 20 ÞÞ ¼ 1∕3 ð1 þ ðb In the case of a spherical pocket,
1 Þ. Then, the local kinetic energy related to the ellipsoidal fluid patch inclusions is
(A-15)
Suppose that there are N 0 concentric ellipsoidal fluid patches with n types of principal radii in a unit volume. The number of fluid patches with radius of the i-type (a i20 , b i20 , c i20 ) is N i ; then, a probability is defined as p i ¼ ðN i ∕N 0 Þ. By considering the wave-induced fluid flow at the fluid interface, the depleted fluid from the inner pocket to the outer domain is ϕ 1 ζ, and the opposite flow has a content variation −ϕ 2 ζ, where ζ ¼ 1∕ϕ 2 ð1 − ða 10 b 10 c 10 ∕a 1 b 1 c 1 ÞÞ ¼ 1∕ϕ 2 ð1 − ða 3 10 ∕a 3 1 ÞÞ. In the case of small amplitude oscillations of the fluid interfaces, the radius a 1 can be derived as a 1 ¼ a 10 ð1 − ϕ 2 ζÞ − 1 3 ≈ a 10 þ ð1∕3Þa 10 ϕ 2 ζ. Then
The total kinetic energy of LFF of the N 0 ellipsoid fluid patches is 1 n P n i¼1 a 2 i20 E 2 Þ. The term v 1 is the fluid volume fraction and a 20 is the radius of overall patch.
In deriving equation A-19, it is assumed that the radius a i20 and aspect ratios r iba , r ica of the ith type of ellipsoidal patches satisfy a 3 i2 r iba r ica ¼ 3 N i n4π
; (A-20) where N i 0 is the number of ellipsoidal patches with radius of a i2 and the corresponding aspect ratios r iba , r ica , and n is the number of random-sized patches in a unit volume. Because the total volume of patches with aspect ratios r ca ; r ba is V i ¼ N i ð4π∕3Þa 3 i2 r iba r ica , equation A-20 is actually equivalent to the condition V i ¼ 1∕n, which means that the unit volume is equally partitioned by patches with different aspect ratios.
The function χ 1 can be expressed in simplified forms for some special cases. In the case of uniform ellipsoidal fluid patches, χ 1 ¼ a ÞÞ. In equation A-20, we have assumed that the unit volume is equally partitioned by each aspect ratio, so that the equations can be simplified, and the effects of the aspect ratio distribution on velocity are taken into consideration using only one parameter, i.e., the average aspect ratio. Changes in the distribution function of the aspect ratio will result in more complex equations and will be considered in a future work.
